We consider the effects on cosmology of higher-derivative modifications of (effective) gravity that make it asymptotically free without introducing ghosts. The weakening of gravity at short distances allows pressure to prevent the singularity, producing a solution with contraction preceding expansion.
Introduction and Summary
Cosmology acts as a test bed for theories beyond the Standard Model, including theories for quantum gravity and string theory. The current observational data strongly favors primordial inflation, close to the grand unified scale [1] . Inflation is a dynamical solution to the flatness, horizon and homogeneity problems [2] . In a generic model, such as one driven by a scalar field, it also stretches metric fluctuations outside the Hubble radius with a scale invariant power spectrum [3] .
In spite of the great successes of inflation, it does not address one of the most important aspects of the Big Bang cosmology: For any equation of state obeying the strong energy condition p > −ρ/3, regardless of the geometry (flat, open, closed) of the universe, the scale factor of the universe in a Friedmann Robertson Walker (FRW) metric vanishes at t = 0, and the matter density diverges. In fact all the curvature invariants, such as R, R, ..., become singular. This is the reason why it is called the Big Bang singularity problem.
Although inflation requires p < −ρ/3, it does not alleviate the Big Bang singularity problem, rather it pushes the singularity backwards in time. Many authors have pondered on this debatable issue, whether inflation is past eternal or not [4, 5] , and the conclusion is that it is not, at least in the context of Einstein gravity as long as the average expansion rate in the past is greater than zero, i.e. H av > 0 [6] . The fluctuations grow as the universe approaches the singularity, and the standard singularity theorems due to Hawking and Penrose hold, which inevitably leads to a collapse in FRW geometry as long as the energy density is positive [7] (see also [6] ).
There have been other attempts to circumvent the Big Bang singularity problem due to anisotropic stresses, self regenerating universes (during inflation), quantum cosmology, etc. (see [2] ) but none has successfully resolved the issue of space-like singularity, especially in the context of a flat universe 1 . Even string theory has yet to address this issue comprehensively: Several toy model constructions have been attempted, but mostly they encounter some pathologies, such as closed time-like curves, quantum instabilities, presence of ghosts, negative-tension branes, singular bounce, etc. (see for instance [9] ).
In this paper we will rather seek a phenomenological solution, but without any pathologies. We will seek a bouncing solution within 3 + 1 dimensions where the scale factor of a flat, homogeneous and isotropic metric ds 2 = −dt 2 + a 2 (t) dx 2 + dy 2 + dz 2 (1.1) undergoes a non-singular bounce, a course of initial contraction to a minimal radius, then a subsequent phase of expansion to enter into the hot Big Bang era. We will advocate higher-derivative corrections to the Einstein-Hilbert action that are both ghost free and asymptotically free to find sensible non-singular bouncing solutions in the presence of a fluid with non-vanishing pressure. Earlier attempts to find such an action were not very successful [10] (see also [11] , [12] ). Below we briefly explain the kind of actions that we consider and why we believe they can circumvent the problems encountered in [10] , [11] , and others:
• Stringy motivation:
The main theoretical motivation comes from string theory, which suggests higherderivative corrections to the Einstein-Hilbert action. There such corrections appear already classically (i.e., at the tree level), but we do not preclude theories where such corrections (or strings themselves) appear at the loop level or even non-perturbatively (e.g., as expected in the 1/N expansion in some Yang-Mills theory [13] ). From string field theory [14] (either light-cone or covariant) the form of the higher-derivative modification can be seen to be Gaussian: There are e factors appearing in all vertices (e.g., (e φ) 3 ), which can be transplanted to kinetic terms by field redefinitions (φ → e − φ). The nonperturbative gravity actions that we consider will be inspired by such kinetic terms suggested by string theory.
• Ghost free action: Previously, non-singular bouncing solutions have been obtained by introducing states carrying negative energy compensating the positive energy contribution, by introducing new fields or higher derivatives (see for instance [15] ). In general, such theories are plagued by ghosts -states that violate unitarity. Alternatively, ghosts carry negative energy which inevitably leads to vacuum instability [16] . Thus, one condition we impose is the absence of ghosts. Note that the Gaussian factors of string theory do not introduce new states (ghosts or otherwise) because they have neither poles nor zeroes at finite momentum (which is also why they are allowed in field redefinitions).
• Asymptotic freedom: This is required (in addition to renormalizability) in ordinary field theory for phenomenological reasons (scaling in processes such as deep inelastic scattering), as well as to avoid certain problems in the nonperturbative definition of the theory. (This can be seen, e.g., in lattice quantum chromodynamics when defining a continuum limit. In the case of an effective theory for gravity, this condition takes the form of "asymptotic safety" [17] , a more general statement of a well-defined ultraviolet limit.) In gravity this feature provides a solution to the singularity problem; here we address the Big Bang singularity. (Black hole singularities were considered in [18] .) Asymptotic freedom implies that gravity becomes weak at short distances or high energies, enabling pressure to counteract the gravitational attraction, thereby preventing a collapse. Again the Gaussian factors are more than enough to produce such behavior. (The fact that this fall-off is so much stronger than normal asymptotic freedom is why string theory cannot describe parton behavior as a model of hadrons for QCD.)
We will find that if one wants to have both a ghost and asymptotically free theory of gravity, one has little choice but to look into gravity actions that are non-polynomial in derivatives. To see this let us start by considering a simple generalization of the Einstein-Hilbert action, the so called fourth-order gravity:
where C refers to the Weyl tensor. This action, in general, is asymptotically free. In fact, the improved ultraviolet behavior even makes it renormalizable [10] . Unfortunately this theory also has a (Weyl) ghost [11] (see also [12] ), unless b 0 = 0, in which case the nice property of asymptotic freedom is also lost. Similar conclusions can also be verified from the analysis done by [19] for more general actions involving the Ricci and the Riemann tensors, when F = F (R, R µν R µν , R µνρσ R µνρσ ).
In the most general case one can consider actions involving the scalar curvature, the Ricci and Weyl tensors, as well as with arbitrary higher derivatives on these curvatures. If the number of derivatives (including those in the curvatures) is finite, the kinetic operator will be polynomial, and by the usual arguments will (1) contain a single pole, (2) contain a ghost, or (3) not fall off at large momenta faster than a single pole (i.e., for the case of gravity, not be asymptotically free). This argument can be applied separately to the spin 0 and spin 2 pieces of the metric; only the spin 0 piece contributes to cosmology, but the spin 2 piece contributes to black holes. In section 3 we discuss this for the spin 0 piece (scale factor), which means the scalar curvature is the only non-vanishing one (conformally flat space). Therefore, in this paper we mainly focus on actions which contain arbitrary powers of higher derivative terms: The simplest such action is of the form
( 1.4) Unfortunately, even such actions cannot simultaneously be ghost and asymptotically free, which is easily seen from its correspondence with scalar-tensor/Brans-Dicke kind of theories (see for instance [20] ). Nevertheless, such theories are cosmologically interesting alternatives to Einstein-Hilbert gravity, and can be tested by the solar system constraints or through spinning objects such as pulsars [21] , or even cosmologically [22] . Such theories (or their scalar-tensor analogues) have been studied in the context of inflation [8, 23] , creation of the universe through an instanton [24] , understanding reheating after inflation [25] , and more recently, understanding the origin of dark energy (see for instance [26] ). In section 2 and appendix A, we review their dynamics in the context of realizing a past asymptotically de Sitter universe and also point out why it doesn't constitute a resolution of the Big Bang singularity, although it may be relevant for inflation. The next simplest non-perturbative action is of the form 2 :
We will show that such actions can indeed give rise to a ghost and asymptotically free theory of gravity, and this is one of the key results in the paper. Moreover, we will also obtain exact bouncing cosmological solutions for such actions, thereby addressing the Big Bang singularity problem, see section 4. We note in passing that (1.5) should be treated as an "effective action", and thus the fact that it contains an infinite number of derivatives, and is therefore non-local, is only to be expected. We also study the Newtonian potential for the action given in (1.5); we show that at large distances and at late times contributions from the higher derivative terms become negligible and the theory is effectively given by the Einstein-Hilbert action. Therefore, the theory possesses Minkowski space as a low energy vacuum solution, recovering the Newtonian potential with 1/r dependence, where r is the length separation. On the other hand at small distances the higher derivative terms play, more and more, an important role, thereby indicating the importance of asymptotic freedom near the bounce: see section 5.
The paper is organized as follows: In section 2 we mostly review difficulties in obtaining a singularity free universe. Partially for simplicity, we restrict ourselves to a spatially flat universe. Specifically in the context of F (R) theories we find that in the absence of ghosts, no satisfactory singularity free evolution is possible, corroborating our earlier arguments based on the lack of asymptotic freedom. We do note however that a small class of actions that grow at most as R 2 as R → ∞ can provide a past asymptotically de Sitter solution similar to what was found previously in [8] for (1.3) and b 0 = 0. In the following sections therefore we focus on actions of the form (1.5) .
In section 3 we explain when actions of the form (1.5) can be both ghost and asymptotically free. We also obtain the low energy Newtonian limit. In section 4, we obtain exact and approximate bouncing solutions, and in the next section 5, we show how a transition to normal FRW evolution occurs before and after the bounce.
F (R) Cosmology
In the field theoretic framework a resolution to the Big Bang singularity would imply a singularity free history from t → −∞ till today. Here t denotes the proper time. So the picture is that the universe simply exists and one can go as far back in time as one wants without encountering any singularity. A priori, three different evolutions are possible:
I.
The universe expanded monotonically.
II. The universe first contracted and then expanded (in other words, a "bounce" solution).
III. The universe undergoes periodic phases of contraction and expansion, or a cyclic universe scenario.
Since III requires multiple bounces and turnarounds, it also obviously entails II, and therefore we will in this paper only focus on determining whether I or II are possible.
In this section we study cosmological evolutions with F (R) theories. We find that only a very restrictive class of such functions can provide a singularity free history of our universe. To show this we proceed in the following steps: First we explain the connection between F (R) theories given by (1.4) and scalar-tensor theories [27] . Next, we study scalar-tensor theories and find out for what kind of potentials one can have singularity free cosmologies. Finally, we translate back the scalar-tensor action to find which F (R) actions can provide a singularity-free evolution this way, but we also point out why they cannot address the Big Bang singularity problem comprehensively.
Conformal Transformation and Singularities
We start by noting that an action of the form (1.4) is equivalent to a Brans-Dicke theory [27] of the form
defining R = R(Φ). Note that for a ghost free action Φ is always positive; it was shown in [19] , that when F ′ (R) is negative, one is plagued with ghosts. This fact then allows us to perform a conformal transformation 4) so that the action is that of a scalar-tensor theory
Thus, at least classically, ghost-free F (R) theories are physically equivalent to the scalartensor theories given by (2.5) . So, let us now ask when can one have a singularity free evolution in the context of scalar-tensor theories. It is known already that such theories with ordinary (non-ghost like) kinetic terms as in (2.5) do not permit a bouncing cosmology, as the sum total contribution to the energy densities from the scalar and the gravity sector remains positive. Therefore one does not obtain a bouncing universe 3 , i.e., situations summarized in II, III.
The only option left is I, i.e., to find a monotonically expanding solution. Indeed, such solutions do exist within scalar-tensor theories (see for instance [8, 23] ). However, in appendix A we provide a general argument to show that invariably such a scenario corresponds to an asymptotically de Sitter universe in the past which is known to be geodesically incomplete [6] and therefore fails to address the Big Bang singularity in a comprehensive manner. It may still be interesting from the point of view of inflation. In appendix A, we show that: only a subclass of F (R) theory can provide such an inflationary solution, only F (R)'s which grow at most as R 2 as R → ∞.
Theories with F (R, R, . . .)
Since ghost-free F (R) type actions do not satisfactorily resolve the cosmological Big Bang singularity, we therefore look at more general actions of type (1.5) including R type of terms in the Lagrangian.
Ghosts
Although it is commonly believed that higher derivative theories contain ghosts, this is not always true. For example, the F (R) actions considered in the previous section do not contain any ghosts. In Lorentz covariant gauges there appears to be a scalar ghost, along with the usual ghostlike (negative-metric) time components of the metric. However, this ghost already appears in the usual Einstein-Hilbert action: It is the scale factor of the metric. It disappears in the lightcone gauge, along with the longitudinal components of the metric. The addition of the R 2 term then contributes a scalar mode of opposite sign, which is thus physical: the right sign, and not a gauge artifact. The same procedure would not be possible with additional higher derivative contributions to the propagator, which would give spin 0 or 2 with the wrong sign in any gauge. A simple way to analyze this effect for spin 0 modes is to study the equivalent scalar-tensor theory where all the higher derivative terms reside in the scalar sector, and one has to worry about ghosts in the scalar sector only 4 .
We start with the quadratic action given by (1.5) . This action is equivalent to a higher derivative scalar-tensor action, given by
The easiest way to see that (3.1) corresponds to (1.5) is by looking at the field equation for Φ:
Then by substituting ψ in (3.1) one recovers (1.5) . We now perform a conformal transformation e a m = Φ 1/2 e ′ a m , and note that ψ
. Then up to quadratic terms we find
To look for ghosts we have to find the propagators. The field equations for φ and ψ are given by:
5)
Substituting ψ from (3.4) in (3.5) we find:
From (3.6) we can easily read off the scalar propagator to be:
.
Let us consider the contrasting cases.
• Examples of ghosts:
First we assume that Γ is a finite power series. In this case one can always write Γ as:
In order for the theory to be non-tachyonic, all the m 2 i have to be positive and real. Moreover, if there are at least two discrete single poles (say m 1 = m 2 ), then at least one of them is ghost like (one of the residues has to be negative). A double pole can be represented as the convergence of two simple poles with opposite residues. Similar arguments follow for higher order poles.
The above argument can be generalized to any continuous Γ(−p 2 ). Suppose Γ(−p 2 ) has at least two distinct zeroes. Say p 2 = −m 2 1 and p 2 = −m 2 2 are two adjacent ones, with m 2 1 < m 2 2 . Then it is of the form
Since the zeroes considered above are adjacent there are no more zeroes in f (−p 2 ) between −m 2 2 < p 2 < −m 2 1 . Thus the sign of f (−p 2 ) has not changed in this range. It then follows that the residue at p 2 = −m 2 1 and p 2 = −m 2 2 have different signs. Therefore again there is a ghost.
• Requirement for a ghost free case:
For a polynomial inverse propagator (3.8) the only case when the propagator is ghost free is
which corresponds to the R 2 type of action that we mentioned in the previous section (also, see appendices A,B). More generally, one can at most have a single zero in Γ(−p 2 ).
As we argued before, stringy redefinitions are not expected to introduce new states, and hence we will only consider the case when Γ(−p 2 ) has, in fact, no zeroes. Partially for simplicity, we also assume it to be analytic in the entire complex plane (except perhaps at ∞). In this case one can write Γ(−p 2 ) as: 11) where γ(−p 2 ) is any analytic function.
Newtonian Potential and Asymptotic Freedom
To derive the Newtonian potential one has to linearize the "generalized Einstein's field equations" corresponding to the action given in (1.5) (see appendix C for details). In particular, the trace of the linearized field equations coupled to a point source reads:
Since we are only interested in cosmology, we only need to look at the potential for the scale factor or the spin 0 piece, which is captured by the traceh of the linearized metric. Note that in the absence of any modification the massless propagator of the graviton can be captured alone by the in front of Γ( ). We now further make the assumption that the fields are varying slowly with time, so that −→ ∇ 2 , and after some massaging we obtain:
Note that the 1/r part arises mainly from the massless mode of the graviton. Moreover this is an important result of our paper as it tells us how higher curvature gravity in general modifies the propagator, and therefore the nature of gravity, as one spans very large to very small scales. For example it is clear that:
• Any modification to the "Newtonian propagator" Γ that falls faster than 1/p can give rise to an asymptotically free theory of gravity. In particular, as long as γ(−p 2 ) grows with large p 2 , we will not only have a ghost free theory, but also asymptotic freedom.
For simplicity, let us restrict our attention to the case when γ is a finite power series in w ≡ −p 2 , and that there is a single scale m where the higher derivative effects become important:
Asymptotic freedom is guaranteed provided k N > 0. From Eqs. (3.13) and (3.14) , it also follows that we recover Newtonian gravity in the large r limit, provided m > 10 −3 eV, since we have tested gravity only at distances above the mm. scale, which corresponds to m ∼ 10 −3 eV.
Examples of Ghost and Asymptotically Free Theories
For the purpose of illustration, let us choose the simplest example: 15) By construction this does not have any poles and is therefore ghost free 5 .
Let us first find the action that corresponds to (3.15) . From (3.6) , we can immediately match the coefficients by equating: 3.16) which corresponds to
For the above choice the form of F (R) can be computed as:
Next, let's look at the Newtonian limit. The Newtonian potential is given bȳ
where r 0 is the ultraviolet cut-off, determined by the energy scale, governing the graviton exchange.
Since lim r→0 erf(r) ∼ r and lim r→∞ erf(r) = 1, we naturally obtain the kind of Newtonian potential we are seeking at large distances, i.e., 20) while for small r we are looking for an asymptotically free theory, with no singularity: In this case lim
This illustrates the weakness of gravity at short distances when r → r 0 . Let us now illustrate how actions like (1.5) can also arise from symmetry consderations. For example, one realizes that a slight modification of the action corresponding to (3.15) leads to a form that is relatively simple in conformally flat spaces. Consider introducing a scale factor into the action by a local (Weyl) scale transformation g mn → φ 2 g mn . This scalar φ itself has weight 1 under a scale transformation. The combination ( + 1 6 R)φ also transforms covariantly, with weight 3. Then we can write
In the local scale gauge φ = 1, this becomes:
while for conformally flat spaces we can set the metric to be flat (φ itself being the scale factor) so 24) where is now the flat one. It is easy to check that up to quadratic (in R) terms, (3.23) corresponds exactly to (3.18 ).
Bouncing Cosmology from Asymptotically Free Gravity
In the previous section we saw how nonperturbative gravity theories can encompass asymptotic freedom, which provides hope for resolving various singularities we encounter in the general theory of relativity. Here our main focus will be on the initial cosmological singularity. Although at first glance it may seem very difficult to understand the dynamics involving higher derivative actions such as (1.5), we will in fact be able to explicitly show approximate and exact bouncing solutions for a wide class of higher derivative gravity theory.
First, we discuss why intuitively we expect to obtain bouncing solutions in asymptotically free theories. Second, we provide exact bouncing solutions for ghost and asymptotically free non-perturbative gravity actions described in (1.5) in the presence of a cosmological constant. Although phenomenologically less appealing, it gives insight into the nature of gravity near the bounce. In the next section, we show how to obtain approximate bounce solutions in the absence of a cosmological constant, as well. We also highlight how to match the bouncing solutions to the standard radiation and matter dominated epoch.
Intuitive Picture
Intuitively, the reason we expect to have a bounce in theories with higher curvature gravity is because, although they do not have ghosts, gravity itself becomes weak at small scales. In the usual FRW cosmology, it is the attractive force of gravity which makes the universe contract, eventually to a singularity. However, now in the absence of strong gravity at short distances (or high energy densities) spacetime contracts but the internal pressure of matter can resist, therefore causing the universe to bounce from the contracting phase into an expanding one.
In the Newtonian cosmology, the Hubble equation can be derived from the energy conservation equation of particle mechanics, i.e., K + V = E,
Substituting V (r) = −1/r, we recover the analog of the Hubble equation:
where the second term on the right corresponds to spatial curvature. Specializing to the case of a flat space (E = 0) and considering a general Newtonian potential arising from the higher curvature gravity action derived in previous section, we find
In an asymptotically free theory, at short distances the potential tends to a constant, so the right hand side of (4.3) goes to zero, suggesting H → 0, a condition signaling a bounce.
One may wonder that perhaps one hits the singularity before the bounce can take place, because the gravitational energy vanishes only at r = 0. However, note that we have not included effects of pressure in (4.3) , which ensures that the bounce occurs at a finite scale factor. Unfortunately, Newtonian cosmology cannot capture the essence of pressure, but in the following subsections we will explicitly realize this intuitive picture in a large class of higher derivative actions.
Hyperbolic Cosine Bounces
To understand how one can deal with non-perturbative actions and equations of motion, let us look at the trace of the generalized Einstein equation of motion, given in appendix C, see (C.3):
where Λ refers to the cosmological constant. Note that the trace equation involves 's acting on R. Thus the trick is to find a scale factor a(t) such that R(t) is a linear combination of a set of functions H i (t) with the property that the maps the functions H i (t) onto themselves:
where M ij is a constant matrix and the index i runs to some finite value. We can now find exact solutions, because all the terms in (4.4) are at most quadratic in H i and one has to only ensure that the overall coefficients of H i H j vanish 6 . A simple trial bounce solution is be given by 7 :
One finds the following:
9)
Naively one would have expected R to contain terms proportional to sech 4 , but the contribution to such a term coming from the two pieces (the double derivative and the connection 6 This is not strictly necessary as sometimes they can be equated to matter sources with similar time dependences. 7 There exist other ansatze, such as a(t) ∝ e t 2 , that can also provide non-singular bounce. For the purpose of illustration we shall stick to (4.6) .
terms) cancel leaving only the sech 2 piece, which is exactly what we wanted. Proceeding in a similar manner one finds n R = w n−1 R = −3w n+1 sech 2 w 2 t , n = 0 . (4.10)
In this example:
Before we delve into bounces in non-perturbative gravity, let us briefly mention what happens in the perturbative cases. Clearly, the prescription described above can be applied to the finite higher curvature theories as well to obtain hyperbolic cosine bounces. Albeit, one can show (see appendix B) that they invariably involve negative energy density, in congruence with our earlier arguments. They either have ghosts in the gravity sector, or require the presence of ghost-like radiation with negative energy density.
This also implies that we check that the radiation energy density corresponding to the bounce solution remains positive to ensure that the bounce is caused really by the higher derivative effects. This means that we need to study the G 00 equation, which is really the generalization of the Hubble equation in Einstein gravity. For an ansatz like (4.6) where the metric only depends on time, one finds (from (C.1)):
After some some algebra we obtain
where one can conveniently express all the coefficients in terms of the kinetic operator Γ( ):
Now, we wish to solve the 00 component of the generalized Einstein equation, (C.1), which reads:
where in the 00 component of the energy momentum tensor we are compelled to include the cosmological constant term to match L 0 , besides adding the radiation component. The radiation component must fall as sech 4 following ρ ∼ a −4 . The above (4.18) implies that there exists a solution if L 2 (w) = L 6 (w) = 0 or 1 − Γ(w) + Γ ′ (w)w = 0, and 1 − Γ(w) − 4c 0 w − 1 3 = 0, or equivalently,
(where is the average between 0 and w). For the above solution, equating the sech 4 term and the cosmological constant, we further find:
To be a ghost free solution, we require:
Thus, any kinetic operator Γ satisfying Eqs. (4.19) and (4.21) provides us with a ghost-free bounce solution.
An Example
In this subsection we provide a specific example which serves as an existential proof for a ghost free bounce. We argue that the above constraints, (4.19) and (4.21) , can be satisfied for a wide range of Γ(w). Let us consider the following: 22) where k 1 , k 2 , k 4 are constants. Let us suppose that there exists a solution to (4.19) at w = w 0 and Γ(w 0 ) = Γ 0 (4.23)
Then the L 2 and L 6 constraints, along with (4.23), fix all the constants:
We compute the radiation energy density and we find: 25) indicating that Γ(w) of the form (4.22) , with coefficients given by (4.24) , indeed gives rise to a ghost free bouncing solution, provided Γ 0 > 3/2. w 0 remains a free parameter. The cosmological constant corresponding to this solution is given by Λ = 3w 0 2 . We notice that we seem to require a large cosmological constant in order for the exact bounce solution to exist, just as in the R 2 example shown in appendix B. However, in the next section we will argue that a large non-vanishing cosmological constant is rather an artifact of our ansatz, i.e., a(t) ∝ cosh t, but is not a requirement for the bounce itself.
Transition to FRW Universe
It is clear that for large t the scale factor has a de Sitter solution:
This corresponds to an inflation scenario that has no graceful exit. On the other hand, it seems a general feature of the exact "cosh" bounce solutions that they require a cosmological constant (typically ∼ O(M 4 p )) for their existence. These two problems are related: Note as t → ∞ all the higher curvature terms vanish: 2) and we are just left with Einstein's theory of gravity. The cosmological constant is precisely required to sustain the inflation in this phase (5.1) , and thereby ensures that the asymptotics of our ansatz is consistent. What is important is to realize that the cosmological constant is mainly required for the late-time consistency, see (5.1) , for our ansatz (4.6) . It is certainly not necessary for having a bounce. In fact, we argue that its absence solves the graceful exit problem.
Approximate Bounce Solutions
We have seen how for large t all the higher curvature contributions in (4.12) vanish, leaving only the lowest order, Einstein-Hilbert term. In contrast, exactly at the bounce the contribution from the Einstein-Hilbert action is zero, while those coming from the higher order terms are finite. Thus, to understand the dynamics it seems natural to divide the evolution into two distinct regimes:
1. near the bounce when the higher curvature terms dominate the evolution 2. away from (both before and after) the bounce when the higher order terms can be ignored as compared to ordinary gravity and we have normal FRW evolution
In the next subsection we will study the transitions. Here we focus on how to obtain the approximate bounce solutions, i.e., phase 2.
As compared to (4.18) , the approximate equation that we now wish to solve contains only the higher derivative terms,
We neglected the contribution coming from ordinary Einstein gravity and assumed Λ = 0.
In the next subsection we will check that it is indeed consistent to neglect the Einstein-Hilbert terms near the bounce. Now, it is clear from (4. 14-4.17 ) that G HD 00 is of the form: 4) where L 4 and L 6 are given as before by (4.16, 4.17) , while
3) then implies L HD 2 (w) = L 6 (w) = 0, or 1−Γ(w)+Γ ′ (w)w = 0 and 1−Γ(w)−4c 0 w = 0, or equivalently,
Moreover, equating G HD 00 with the stress energy tensor, we find: The constraints (5.6) have simple geometrical interpretations. We can understand the solutions just by looking at the curve Γ(w) (see figure 1 ). The function Γ(w) starts at Γ(0) = 1, and possibly passes through a finite number of minima and maxima on its way toward w → ∞. The solution to the L 6 constraint is given by the points at which tangents from the point (w = 0, Γ(0) = 1) touch the curve Γ(w). The L HD 2 constraint then simply says that the slope of this tangent has to be equal to two-thirds the slope of the curve at (w = 0, Γ(0) = 1).
Finally, the radiation energy density is also proportional to the slope of this tangent, so demanding a positive energy density solution simply means having a positive tangential slope. We note in passing that these constraints are very similar to the ones that we obtained for the exact bounce case.
Again, as an existential proof one can check that for k 1 = 3 2 ; k 2 = 5 2 − 2 ln 2 and 8) in (4.22) , there exists a solution to the constraints at w = 1 and Γ(1) = 2, with positive radiation energy density ρ 0 = 3/2.
The pictorial understanding of the "bounce constraints" makes it easy to see what kind of Γ(w) can give rise to a bounce. However, we are still unable to clearly identify a connection of these constraints to the "necessity" or "sufficiency" of asymptotic freedom. For example, it is clear that Γ(w) corresponding to just the simple exponential as discussed in section 3.3 does not satisfy the bounce equations. The most likely reason is that we only looked at a very specific bounce solution, namely the hyperbolic cosine bounce, and therefore surely are missing more complicated bounces which may be present in some of the asymptotically free theories. We reserve a more detailed study of these issues to future research.
Exiting the Bounce
In this subsection we proceed as follows: First, we show why one can trust the approximate bounce solution that we have obtained in the previous subsection. We also estimate when the bounce solution breaks down and one expects a normal FRW universe to emerge. Second, we check that indeed away from the bounce the usual FRW cosmology is a good description and higher derivatives can be ignored. Finally, we obtain the full evolution of the universe by matching the scale factor and its derivatives at the boundary of the different regimes in a straightforward manner. For simplicity in the following we consider the action to be basically governed by a single scale as in (3.14) and therefore, unless there is some fine-tuning, one expects w ∼ m 2 . Let us now investigate the different regimes of the evolution.
As we argued earlier, (4.6) is not an exact solution but it is still a good approximate solution at sufficiently high energy densities. One way to see this is to consider the lefthand side of (5.3) close to the bounce. In this regime, the higher order terms dominate over the Einstein-Hilbert term in the evolution equation (5.3) : G 00 = 3w 2 (1 − sech 2 w 2 t) while G HD 00 = 3w 2 2 Γ ′ sech 4 w 2 t. For example, exactly at the bounce (t = 0) G 00 vanishes while G HD 00 ∼ w 2 Γ ′ ∼ w is finite. However, as t becomes large, all the higher order corrections get exponentially suppressed:
while the zeroth order term coming from the ordinary Einstein-Hilbert action is not: There is a constant piece
Thus, the bounce solution breaks down approximately when 11) and the Einstein-Hilbert term starts governing the evolution from here on. Since w 2 Γ ′ ∼ O(1), we have:
Let us now check that indeed there exists late-time attractor solutions where higher derivative terms can be ignored and one has FRW cosmology. The transition from the bounce should lead to a radiation dominated epoch before and after the bounce. During these phases, we claim we have ordinary gravity coupled to an ideal gas of matter/radiation fluid satisfying
, (5.13) where − and + refer to the pre and post bounce solutions respectively. Therefore, at large times the solution reads:
( 5.14) To see that this is a late-time attractor solution, let us compare G 00 with G HD 00 . For the power law solutions, we obtain:
Thus, for large times |t| >> m −1 , the higher order terms are negligible, and indeed (5.14) is a late-time attractor solution. However, when we reach |t| ≤ m −1 , the G 0 00 term (and in general G HD 00 ) starts to dominate over the the Einstein-Hilbert term. The solution (5.14) is no longer valid. At this point we expect a transition to the approximate bounce solution given by (4.6) . By matching the scale factor and its derivatives at the transition, we find: 17) with t 0 given by (5.18) In particular, for radiation p = 1/2 and w 2 t 0 ≈ 0.77, consistent with (5.12) . To summarize, the full evolution is given by 5.19) Note the scale w 2 is governed by the higher curvature action, while t 0 is given by (5.11) . This completes our discussion on exiting an approximate bounce solution to the normal FRW universe.
Future Directions
In this work we have shown how non-perturbative effective actions of gravity are not only natural from the string theory perspective but also are able to realize a ghost and asymptotically free theory of gravity. Further, from our analysis it is clear that one can apply different techniques (like the Newtonian approximation, special ansatze, etc.) to understand the dynamics of the full non-perturbative theory. In particular, we obtained bouncing solutions and Newtonian potentials, which enabled us to argue how at short distances/times these theories can address singularities like the Big Bang singularity, while approximating ordinary General Relativity and FRW cosmology for large distances and times.
Although we could only understand the transition from bounce to FRW cosmology in an approximate way, nevertheless this supports our view that bouncing cosmology can exist in a flat geometry without any requirements such as presence of ghosts or tachyonic states.
In the light of observational data from WMAP, another important question would be the evolution of cosmological perturbations through the bounce, as well as their spectrum. It would also be interesting to investigate whether such a bounce leaves any distinctive signature in the production of gravitational waves, etc. Further note the fact that we could perform an exact analysis of non-perturbative actions provides us hope of trying to address other singularities, such as one encounters in the black hole physics.
In brief, there are several interesting and important questions that we can now ask in the context of non-perturbative gravity.
Thus in a singularity free universe a(t) is bounded from below, but for condition I to hold we requireȧ ≥ 0 at all times. This implies a(t) → constant as t → −∞, so thaṫ a,ä → 0 as t → −∞. (See figure 2 for a possbile evolution of a(t).)
The evolution of the scale factor reads, in the presence of a scalar field,
where K and V are the kinetic and potential energies of the scalar field. Since we argued that as t → −∞,ȧ,ä → 0, this then implies that K, V → 0 as t → −∞, unless a → 0, too. Consider the first case, when the "particle" starts out with approximately zero kinetic and potential energies; then
This leads to ρ φ being negative at all finite times, but this contradicts (A.2). We are left with the only other possibility that a → 0 as t → −∞ such thatȧ/a → H 0 ∼ constant. This means a(t)
In other words we have shown that an exponential inflation is the only way to realize the condition I. On the other hand it was shown in [6] that such spaces are geodesically incomplete, and this is also the reason why it seems unlikely that such an evolution will be able to resolve the Big Bang singularity. However, they may be relevant for inflation. Therefore, let us proceed and try to pinpoint the kind of F (R) actions which can produce such an evolution. The evolution equations for the scale factor (A.2) and (A.3) suggest
Specifically, sinceφ → 0, this means thatφ → 0, too. Then from the evolution equation for φ:φ
This is the key result which tells us that to obtain an exponentially expanding solution we need ∂V /∂φ → 0, a profile which asymptotes to a flat potential. This may happen only if ∂V /∂φ → 0 as φ → ±∞. This criterion will dictate what kind of F (R) should be chosen. Let us first consider F to be a finite series: 8) with N ≥ 2. Now, it is clear from (2.3) that in order for the mapping to work we need a sector of F (R) where F ′ (R) spans the interval [0, ∞], so that φ spans (−∞, ∞) 8 . There are two possible ways of realizing this criterion, which we have qualitatively sketched in Fig. 2 . For concreteness let us restrict our attention to Fig. 2A. (Similar arguments can be made for Fig. 2B .) The relevant part of F (R) that can realize this starts at R = R 0 = 0, which corresponds to F ′ = 0 or φ → −∞, and ends at R → ∞ corresponding to F ′ → ∞ or φ → ∞.
Note that we want to see whether V ′ (φ) → 0 as φ → ±∞. Therefore we really need to look at the behavior of V (φ) as φ → ±∞. Now as φ → ∞, R → ∞, and therefore, F (R) → c N R N . The values of R and F (R) tend to:
After some algebra we obtain: .10) Except for N = 2 this is an exponentially decaying function, i.e., V (φ) → 0 as φ → ∞.
Thus this cannot work, as we required V (φ) to asymptote to a positive constant (A.6). Next, let us look at φ → −∞ or R → R 0 , where 11) where F I is the first non-zero derivative of F at R 0 . In this limit .12) In this case the asymptotic behavior of φ depends on whether F (R 0 ) is nonzero or not. Transforming R, F (R), we obtain
As φ → −∞, the potential grows exponentially large (V = ±∞) rather than asymptoting to a constant as we want. Therefore, a generic F (R) cannot give rise to an exponential expansion or inflation. One exception arises (see (A.10)) when F (R) → R 2 as R → ∞, i.e.,
Indeed for such an action inflating solutions were found earlier [23] . Explicitly, one finds in this case
For c 0 > 0 and 1/4c 0 + 2Λ > 0 this potential has the desired form to give rise to inflation. Even if one relaxes the condition that F has to be a finite series, the above conclusions essentially remain unchanged, as we will now show. First note that the argument about the behavior of V (φ) as φ → −∞ does not rely on the finiteness of the series, but only on the analyticity of F (R). Thus as φ → −∞, V (φ) exponentially rises as before and cannot satisfy (A.6). We are left to consider what happens as φ → ∞. From the expression of the potential (2.6) , it is clear that if we want it to asymptote to a constant then at least R → e To have an exponentially inflating universe it is necessary to have an F (R) which asymptotes to ±R 2 as R → ±∞. Finally, we note in passing that adding radiation/matter does not change this conclusion.
B. Cosine Hyperbolic Bounces in R + c 0 R 2 gravity Bounce solutions exist even when we consider only finite higher derivative corrections. However, when at least for one i > 0, c i = 0 in (1.4), these theories necessarily have a ghost and therefore we do not consider them any further. Thus we are left with the combination F = R + c 0 R 2 . In this case the trace equation is given by (4.4) :
The bounce solution is then given by:
We however expect from the previous arguments that such a bounce solution is due to the "implicit" presence of ghost like radiation. To see this, one computes G 00 . In particular, one finds
signaling a negative radiation energy density, or the presence of ghosts. We also note in passing that in the R 2 type gravity, to get a bouncing solution, we require the presence of a typically large (corresponding to the scale of higher curvature corrections) cosmological constant. This is actually a generic feature of exact hyperbolic cosine bounces, and we addressed this issue in subsection 5.2.
C. Newtonian Limit
To obtain the weak field limit, we look at the higher curvature field equations directly. In [29] the field equations were derived for a general F (R, R, . . .) type of Lagrangian: 2) and as usual T µν is the matter stress-energy tensor. It is easy to check that for ordinary Einstein gravity G µν reduces to the usual Einstein tensor. Now, in order to derive the "Newtonian potential" corresponding to the scale factor it is sufficient to just look at the trace equation, which reads:
where we have coupled gravity to a point particle source of mass m. For F of the form (1.5) , one can show that: (C.4) where G = g µν G µν = −R, G µν being the usual Einstein tensor,
It is easy to check that g µν = η µν is indeed the right vacuum solution of the full higher curvature equations (C.3). Thus to obtain the Newtonian weak field limit we have to expand around the flat space Minkowski metric, i.e., g µν = η µν + h µν ; then 8) and we have used the Lorentz gaugeh µν ,ν = 0.
It is a straightforward task to derive the potential for the scale factor,: The expression for G simplifies to This completes our discussion on the Newtonian limit.
